Using Legendrian immersions and, in particular, Legendre curves in odd dimensional spheres and anti De Sitter spaces, we provide a method of construction of new examples of Hamiltonian-minimal Lagrangian submanifolds in complex projective and hyperbolic spaces, including explicit one parameter families of embeddings of quotients of certain product manifolds. In addition, new examples of minimal Lagrangian submanifolds in complex projective and hyperbolic spaces also appear. Making use of all of them, we get Hamiltonian-minimal and special Lagrangian cones in complex Euclidean space too.
Introduction
Let ( M n , J, , ) be a Kaehler manifold of complex dimension n, where J is the complex structure and , the Kaehler metric. The Kaehler 2-form is defined by ω(., .) = J., . . An immersion ψ : M n → M n of an n-dimensional manifold M is called Lagrangian if ψ * ω ≡ 0. For this type of immersions, J defines a bundle isomorphism between the tangent bundle T M and the normal bundle T ⊥ M. A vector field X on M is a Hamiltonian vector field if L X ω = gω, for some funcion g ∈ C ∞ ( M) , where L is the Lie derivative in M . This means that there exists a smooth function F : M → R such that X = J ∇F , where ∇ is the gradient in M . The diffeomorphisms of the flux {ϕ t } of X satisfy that ϕ * t ω = e ht ω, and so they transform Lagrangian submanifolds into Lagrangian ones.
In this setting, Oh studied in [O] the following natural variational problem. A normal vector field ξ to a Lagrangian immersion ψ : M n → M n is called Hamiltonian if ξ = J∇f where f ∈ C ∞ (M) and ∇f is the gradient of f with respect to the induced metric. If f ∈ C ∞ 0 (M) and {ψ t : M → M } is a variation of ψ with ψ 0 = ψ and d dt | t=0 ψ t = ξ, then the first variation of the volume functional is given by (see [O] ):
where H is the mean curvature vector of the immersion ψ and div denotes the divergence operator on M. Oh called the critical points of this variational problem Hamiltonian minimal (or H-minimal briefly) Lagrangian submanifolds, which are characterized by the third order differential equation divJH = 0. In particular, minimal Lagrangian submanifolds (i.e. with vanishing mean curvature vector) and, more generally, Lagrangian submanifolds with parallel mean curvature vector are trivially H-minimal ones. Even when M is a simply-connected complex space form, only few examples of H-minimal Lagrangian submanifolds are known outside the class of Lagrangian submanifolds with parallel mean curvature vector.
This can be a brief history of them: In 1998 it was classified in [CU1] the S 1 -invariant H-minimal Lagrangian tori in complex Euclidean plane C 2 . H-minimal Lagrangian cones in C 2 were studied in 1999, see [SW] . In 2000 and 2002 (see [HR1] and [HR2] ) a Weierstrass type representation formula is derived to describe all H-minimal Lagrangian tori and Klein bottles in C 2 . When the ambient space is the complex projective plane CP 2 or the complex hyperbolic plane CH 2 , conformal parametrizations of H-minimal Lagrangian surfaces using holomorphic data were obtained in [HR3] and [HR4] in 2002 and 2003 . Making use of this technique, in 2003 H-minimal Lagrangian symply periodic cylinders and H-minimal Lagrangian surfaces with a non conical singularity in C 2 were constructed in [A] . Finally, only very recently we can find in [M] some examples of H-minimal Lagrangian submanifolds of arbitrary dimension in C n and CP n and in [ACR] a classification of H-minimal Lagrangian submanifolds foliated by (n−1)-spheres in C n is given. Our aim in this paper is the construction of H-minimal Lagrangian submanifolds in complex Euclidean space C n , the complex projective space CP n and the complex hyperbolic space CH n , for arbitrary n ≥ 2. The examples in CP n are constructed by projections, via the Hopf fibration Π : S 2n+1 → CP n , of certain family of Legendrian submanifolds of the sphere S 2n+1 (Corollary 1). The cones with links in this family of Legendrian submanifolds provide new examples of H-minimal Lagrangian submanifolds in C n+1 (Corollary 6). Using the Hopf fibration Π : H 2n+1 1 → CH n and a similar family of Legendrian submanifolds of the anti De Sitter space H 2n+1 1 (see Corollary 7), we also find out the examples of H-minimal Lagrangian submanifolds in CH n . In CP n , we emphasize two different one-parameter families of H-minimal Lagrangian immersions described in Corollaries 3 and 5; as a particular case of one of them, in Corollary 4 we provide explicit Lagrangian H-minimal embeddings of certain quotients of S 1 × S n 1 × S n 2 , n 1 + n 2 + 1 = n. In CH n , we also point up in Corollary 8 a one-parameter family of Hminimal Lagrangian immersions, which (in the eaisest cases) induce explicit Lagrangian H-minimal embeddings of certain quotients of S 1 × S n 1 × RH n 2 , n 1 + n 2 + 1 = n (see Corollary 9), where RH n 2 denotes the real hyperbolic space.
As a byproduct, using our method of construction, we also obtain new examples of minimal Lagrangian submanifolds in CP n (see Corollary 3, Remark 2 and Corollary 5) and CH n (see Corollaries 7 and 10), as soon as special Lagrangian cones in C n+1 (see Corollary 6).
Lagrangian submanifolds versus Legendrian submanifolds
Let C n+1 be the complex Euclidean space endowed with the Euclidean metric , and the complex structure J. The Liouville 1-form is given by Λ z (v) = v, Jz , ∀z ∈ C n+1 , ∀v ∈ T z C n+1 , and the Kaehler 2-form is ω = dΛ/2. We denote the (2n + 1)-dimensional unit sphere in C n+1 by S 2n+1 and by Π :
, the Hopf fibration of S 2n+1 on the complex projective space CP n . We also denote the Fubini-Study metric, the complex structure and the Kähler two-form in CP n by , , J and ω respectively. This metric has constant holomorphic sectional curvature 4.
We will also note by Λ the restriction to S 2n+1 of the Liouville 1-form of C n+1 . So Λ is the contact 1-form of the canonical Sasakian structure on the sphere S
2n+1 . An immersion φ : M n → S 2n+1 of an n-dimensional manifold M is said to be Legendrian if φ * Λ ≡ 0. So φ is isotropic in C n+1 , i.e. φ * ω ≡ 0 and, in particular, the normal bundle T ⊥ M = J(T M) ⊕ span {Jφ}. This means that φ is horizontal with respect to the Hopf fibration Π : S 2n+1 → CP n and, hence Φ = Π•φ : M n → CP n is a Lagrangian immersion and the induced metrics on M n by φ and Φ are the same. It is easy to check that Jφ is a totally geodesic normal vector field and so the second fundamental forms of φ and Φ are related by
So the mean curvature vector H of φ satisfies that H, Jφ = 0 and, in particular, φ :
In this way, we can construct (minimal) Lagrangian submanifolds in CP n by projecting Legendrian ones in S 2n+1 by the Hopf fibration Π. Conversely, it is well known that if Φ : M n −→ CP n is a Lagrangian immersion, then Φ has a horizontal local lift to S 2n+1 with respect to the Hopf fibration Π, which is unique up to rotations. We note that only Lagrangian immersions in CP n have this type of lifts. In this article, we will construct examples of Lagrangian submanifolds of CP n by constructing examples of Legendrian submanifolds of S 2n+1 . Thus we study now some geometric properties of the Legendrian submanifolds in S 2n+1 .
Let Ω be the complex n-form on S 2n+1 given by
In the following result we analyze this n-form φ * Ω.
where α H is the one-form on M defined by α H (v) = n i H, Jv and H is the mean curvature vector of φ. Consequently, if φ is minimal then M is orientable.
whereĀ t denotes the transpose conjugate matrix of A. We easily have that
and so we deduce that
Using this in the above expression we get the result. ♦ Suppose that our Legendrian submanifold M is oriented. Then we can consider the well defined map given by
where {e 1 , . . . , e n } is an oriented orthonormal frame in T p M. We will call β the Legendrian angle map of φ. As a consequence of (1) we obtain
and so we deduce the following result. On the other hand, a vector field X on S 2n+1 is a contact vector field if
, where L is the Lie derivative in S 2n+1 . It is well known (see [McDS] ) that X is a contact vector field if and only if there exists F ∈ C ∞ (S 2n+1 ) such that
where ∇F is the gradient of F . The diffeomorphisms of the flux {ϕ t } of X are contactmorphisms of S 2n+1 , that is, ϕ * t Λ = e ht Λ, and so they transform Legendrian submanifolds into Legendrian ones. The Lie algebra of the group of contactmorphisms of S 2n+1 is the space of contact vector fields. In this setting, it is natural to study the following variational problem.
Let φ : M n → S 2n+1 a Legendrian immersion with mean curvature vector H. A normal vector field ξ f to φ is called a contact field if
where f ∈ C ∞ (M) and ∇f is the gradient of f with respect to the induced metric. If f ∈ C ∞ 0 (M) and {φ t : M → S 2n+1 } is a variation of φ with φ 0 = φ and d dt | t=0 φ t = ξ f , the first variation of the volume functional is given by
But using the Stoke's Theorem,
This means that the critical points of the above variational problem are Legendrian submanifolds such that divJH = 0.
We name the critical points of this variational problem in the following definition.
Clearly, minimal Legendrian submanifolds and Legendrian submanifolds with parallel mean curvature vector are C-minimal. As a consequence of (2) and the geometric relationship between Legendrian and Lagrangian submanifolds mentioned at the beginning of this section, we get the following. 
φ is C-minimal if and only if
Φ = Π • φ : M n → CP n is H-minimal.
A new construction of C-minimal Legendrian immersions
After Proposition 2, it is clear that constructing C-minimal Legendrian immersions in odd-dimensional spheres is a good way to find out H-minimal Lagrangian submanifolds in CP n . This is the purpose of this section. But first we need to introduce some notations. Let n 1 and n 2 be nonnegative integer numbers and n = n 1 + n 2 + 1. If SO(m) denotes the special orthogonal group, then SO(n 1 + 1) × SO(n 2 + 1) acts on S 2n+1 ⊂ C n+1 , n = n 1 + n 2 + 1, as a subgroup of isometries in the following way:
is a Legendrian immersion in S 2n+1 whose induced metric is
and whose Legendrian angle map is
where β γ denotes the Legendre angle of γ and β ψ i the Legendrian angle map of
is invariant under the action (3) of SO(n 1 +1)×SO(n 2 +1), with n = n 1 +n 2 +1 and n 1 , n 2 ≥ 2, if and only if φ is locally congruent to one of the above Legendrian immersions when ψ i are the totally geodesic Legendrian embeddings of
These Legendrian immersions introduced in Theorem 1 have singularities in the points (s, p, q) ∈ I × N 1 × N 2 where either γ 1 (s) = 0 or γ 2 (s) = 0.
Proof: If ′ denotes derivative with respect to s, and v and w are arbitrary tangent vectors to N 1 and N 2 respectively, it is clear that
Recall that g N 1 and g N 2 are the induced metrics on N 1 and N 2 by ψ 1 and ψ 2 respectively. From (6) and using that ψ 1 and ψ 2 are Legendrian immersions, the induced metric on I ×N 1 ×N 2 by φ is given by |γ
From the Legendrian characters of γ, ψ 1 and ψ 2 , it follows that the immersion φ is also Legendrian.
In order to compute the Legendrian angle map β φ , let {e 1 , . . . , e n 1 } and {e
} be oriented local orthonormal frames on N 1 and N 2 respectively. Then
defined by
is an oriented local orthonormal frame on
, we have that
In this way we obtain that
where A 1 and A 2 are the matrices
Taking into account the definition of the Legendrian angle map given in section 2, we finally arrive at
This proves the first part of the result.
On the other hand, let φ :
be a Legendrian immersion which is invariant under the action (3) of SO(n 1 + 1) × SO(n 2 + 1), n = n 1 + n 2 + 1. Let p be any point of M and let z = (z 1 , . . . , z n+1 ) = φ(p). As φ is invariant under the action of SO(n 1 + 1) × SO(n 2 + 1), for any matrix X = (X 1 , X 2 ) in the Lie algebra of SO(n 1 + 1) × SO(n 2 + 1), the curve t → ze tX withX = X 1 X 2 lies in the submanifold. Thus its tangent vector at t = 0 satisfies
Since φ is a Legendrian immersion, this implies that
in the Lie algebra of SO(n 1 +1)× SO(n 2 + 1). As n 1 + 1 ≥ 3 and n 2 + 1 ≥ 3, it is easy to see from the last equation that ℜ(z 1 , . . . , z n 1 +1 ) and ℑ(z 1 , . . . , z n 1 +1 ) (respectively ℜ(z n 1 +2 , . . . , z n+1 ) and ℑ(z n 1 +2 , . . . , z n+1 )) are linear dependent. As SO(n 1 + 1) acts transitively on S n 1 and SO(n 2 + 1) acts transitively on S n 2 , we obtain that z is in the orbit (under the action of SO(n 1 + 1) × SO(n 2 + 1) described above) of the point (z
This implies that locally φ is the orbit under the action of SO(n 1 + 1) × SO(n 2 + 1) of a curve γ in
where γ = (γ 1 , γ 2 ) must be a Legendre curve in S 3 ⊂ C 2 . Finally, as φ is a Legendrian submanifold, the result follows using the first part of this Theorem. ♦
In the following result we make use of the method described in Theorem 1 to obtain new minimal and C-minimal Legendrian immersions, which will provide (projecting via the Hopf fibration) new non-trivial minimal and Hminimal immersions in CP n . (8) with µ = 0.
be a Legendre curve. Then the Legendrian immersion described in Theorem 1 given by
φ : I × N 1 × N 2 −→ S 2n+1 , n = n 1 + n 2 + 1, φ(t, p, q) = (γ 1 (t)ψ 1 (p), γ 2 (t)ψ 2 (q))(γ ′ 1 γ 1 )(t) = −(γ ′ 2 γ 2 )(t) = − e i(λ+µt) γ 1 (t) n 1 +1 γ 2 (t) n 2 +1 , λ, µ ∈ R.(8)
Moreover, the above Legendrian immersion φ is minimal if and only if
Remark 1 If we make a θ-rotation of a Legendre curve γ solution of (8) for the parameters (λ, µ), the new Legendre curve is a solution of (8) for the parameters (λ − (n + 1)θ, µ). The corresponding immersions given in Corollary 1 are related byφ = e iθ φ and so they are congruent. In this way, taking θ = π/2+λ n+1 , up to congruences it is sufficient to consider solutions of the one parameter family of equations
Proof: Recall from (5) that
where φ is one of the Legendrian immersions described in Theorem 1. Using Proposition 2, φ is C-minimal if and only if ∆β φ = 0. So we must compute the Laplacian of β φ . For this purpose we use the orthonormal frame (7) and after a long but direct computation we obtain
where ∆ i are the Laplace operators in (N i 
The assumptions of the Corollary 1 imply that ∆ i β ψ i = 0, i = 1, 2, using Proposition 2 again. So φ is C-minimal if and only if
From (4), we have that γ i (0) = 0, i = 1, 2, since we want φ to be regular. So we can choose, up to reparametrizations, γ = γ(t) to satisfy that |γ ′ (t)| = |γ 1 (t)| n 1 |γ 2 (t)| n 2 . Thus (11) becomes
This means that β φ (t, p, q) = f (p, q) + t g(p, q), for certain functions f, g defined on N 1 × N 2 . Using (5), we obtain that g(p, q) =constant and
The definition of the Legendrian angle β γ of γ is given, in particular, by
Using this, it is easy to check that (12) can be written as
that is exactly (8).
Finally, using Proposition 1, φ is minimal if and only if β φ is constant. This is equivalent to that β ψ i , i = 1, 2, are constant (i.e. ψ i are minimal from Proposition 1 again) and β γ + n 1 arg γ 1 + n 2 arg γ 2 is constant. But this corresponds to the case µ = 0 in (12) and so to the case µ = 0 in (8). ♦ It is rather difficult to describe the general solution of (9). However it is an exercise to check that for any δ ∈ (0, π/2) the Legendre curve
satisfies (9) for µ = s
, where c δ = cos δ, s δ = sin δ. We observe that this value of µ vanishes if and ond only if tan 2 δ = (n 2 + 1)/(n 1 + 1). In this way we are able to obtain the following explicit family of examples.
Given any δ ∈ (0, π/2) and denoting c δ = cos δ and s δ = sin δ, the map
is a C-minimal Legendrian immersion. In particular, using minimal Legendrian immersions ψ i , i = 1, 2, and δ 0 = arctan (n 2 + 1)/(n 1 + 1), the Legendrian immersion
Proof: We simply remark that we do not need the orientability assumption because, in this case, it is easy to check that the Legendrian immersions φ δ satisfy divJH = 0 and so they are C-minimal (see Definition 1). ♦ To finish this section, we pay now our attention to the equation (9) with µ = 0. We observe that it is exactly equation (6) in [CU2, Lemma 2] (in the notation of that paper, put p = n 1 and q = n 2 ). If we choose the initial conditions γ(0) = (cos θ, sin θ), θ ∈ (0, π/2), we can make use of the study made in [CU2] .
Lemma 2 Let γ θ = (γ 1 , γ 2 ) : I ⊂ R → S 3 be the only curve solution of
satisfying the real initial conditions γ θ (0) = (cos θ, sin θ), θ ∈ (0, π/2). Then:
2. For j = 1, 2,γ j (t) = γ j (−t), ∀t ∈ I.
3. The functions |γ j |, j = 1, 2, are periodic with the same period T = T (θ). Moreover, γ θ is a closed curve if and only if
4. If θ = arctan
, the curve γ θ is exactly the curve γ δ 0 (see Corollary 2 and (13)).
Proof: Parts 1 and 2 follow directly from parts 2 and 3 in [CU2, Lemma 2] . To prove 3 we define f (θ) := cos 
H-minimal Lagrangian submanifolds in complex projective space
In section 2 we explained that we can construct (minimal, H-minimal) Lagrangian submanifolds in CP n by projecting (minimal, C-minimal) Legendrian submanifolds in S 2n+1 by the Hopf fibration Π : S 2n+1 → CP n (see Proposition 2). The aim of this section is to analyze the Lagrangian immersions in CP n that we obtain just by projecting the Legendrian ones deduced in section 3.
First we mention that if n 2 = 0 in Theorem 1, projecting by the Hopf fibration Π we obtain the Examples 1 given in [CMU1] . In this sense, the construction given in Theorem 1 can be considered as generalization of the family introduced in [CMU1] . Some applications of our construction of Theorem 1 when n = 3 have been used very recently in [MV] to the study of minimal Lagrangian submanifolds in CP 3 . The Legendrian immersions described in Corollary 1 provide new examples of Lagrangian H-minimal immersions in CP n when we project them by Π. If we consider the particular case n 2 = 0 ⇔ n 1 = n − 1 in the minimal case of Corollary 1, we recover (projecting via the Hopf fibration Π) the minimal Lagrangian submanifolds of CP n described in [CMU2, Proposition 6], although we used there an unit speed parametrization for γ.
We write more in detail what we obtain by this procedure if we consider the special case coming from Corollary 2.
Corollary 3 Let
given by
is a H-minimal Lagrangian immersion. Moreover, Φ δ is minimal if and only if ψ i , i = 1, 2, are minimal and tan 2 δ = (n 2 + 1)/(n 1 + 1).
Proof: We consider the C-minimal Legendrian immersions
given in Corollary 2. Projecting by the Hopf fibration Π : S 2n+1 → CP n and using Proposition 2
is a one parameter family of H-minimal Lagrangian immersions. We analyse when Π•φ δ is periodic in its first variable. It is easy to obtain that there exists A > 0 such that (Π•φ δ )(t+A, p, q) = (Π•φ δ )(t, p, q), ∀(t, p, q) ∈ R×N 1 ×N 2 if and only if there exists θ ∈ R verifying exp(is
From here we deduce that the smallest period A must be given by A = 2π/(s
). If we define the change of variable
the Legendre curve γ δ given in (13) is written as
and now it is clear that we arrive at the expression of Φ δ . Taking into account that Π•φ δ is minimal if and only if φ δ is minimal (see Section 2) and using again Corollary 2, we finish the proof of this result. ♦ We can even get H-minimal Lagrangian embeddings from a particular case of Corollary 3.
Corollary 4
For each δ ∈ (0, π/2), the immersion Φ δ (given in Corollary 3) where ψ i are the totally geodesic Legendrian embeddings of S n i into S 2n i +1 , i = 1, 2, provides a H-minimal Lagrangian embedding
of the quotient of S 1 × S n 1 × S n 2 by the action of the group Z 2 × Z 2 where the generators h 1 and h 2 of Z 2 act on S 1 × S n 1 × S n 2 in the following way h 1 (e is , x, y) = (−e is , −x, y), h 2 (e is , x, y) = (−e is , x, −y).
Proof:
We consider the H-minimal Lagrangian immersions
Let (e is , x, y), (e iŝ ,x,ŷ) ∈ S 1 × S n 1 × S n 2 . Then Φ δ (e is , x, y) = Φ δ (e iŝ ,x,ŷ) if and only if ∃θ ∈ R such that
As some coordinate of x ∈ S n 1 and y ∈ S n 2 is non null, we deduce that
(16) We distinguish the following cases:
From (16) we get that e iŝ = e is and using (15) we obtain thatx = x,ŷ = y if ǫ 1 = ǫ 2 = 1 orx = −x,ŷ = −y if ǫ 1 = ǫ 2 = −1. Thus (e iŝ ,x,ŷ) = (e is , x, y) or (e iŝ ,x,ŷ) = (e is , −x, −y) = (h 1 • h 2 )(e is , x, y).
From (16) we get that e iŝ = −e is and using (15) we obtain that eitherx = x andŷ = −y if ǫ 1 = −ǫ 2 = 1 and so (e iŝ ,x,ŷ) = (−e is , x, −y) = h 2 (e is , x, y) orx = −x andŷ = y if ǫ 1 = −ǫ 2 = −1 and so (e iŝ ,x,ŷ) = (−e is , −x, y) = h 1 (e is , x, y). This reasoning proves the result. ♦ Remark 2 If tan 2 δ = (n 2 + 1)/(n 1 + 1) in Corollary 4 we obtain a minimal Lagrangian embedding that generalizes a well known example
n studied by H. Naitoh in [N] , which corresponds to take n 2 = 0 ⇔ n 1 = n − 1 in Corollary 4.
We also remark that h 1 (resp. h 2 ) preserves the orientation of
if and only if n 1 (resp. n 2 ) is odd. Thus
is an orientable manifold if and only if n 1 and n 2 are odd.
We finish this section making use of the information given in Lemma 2 for the solutions of equation (9) with µ = 0.
Let θ ∈ (0, π/2) and γ θ be the only solution of (14) satisfying γ θ (0) = (cos θ, sin θ). We consider the C-minimal Legendrian immersions
constructed with γ θ . Projecting by the Hopf fibration Π : S 2n+1 → CP n and using Proposition 2
is a one parameter family of H-minimal Lagrangian immersions.
We know from Lemma 2,3 when γ θ is a closed curve, but now we want to study when Π • φ θ is periodic in its first variable. If we write γ θ = (ρ 1 e iν 1 , ρ 2 e iν 2 ), Lemma 2,3 says that ρ i (t + T ) = ρ i (t), i = 1, 2. Then it is not complicated to deduce that there exists A > 0 such that (Π•φ θ )(t+A, p, q) = (Π • φ θ )(t, p, q) if and only if there exists ν ∈ R and m ∈ Z (A must be an integer multiple of T , A = mT ) verifying e iν j (t+mT ) = e iν e iν j (t) , j = 1, 2.
From (14) we can deduce that
Then it is easy to check that ν j (t + mT ) = ν j (t) + mν j (T ), j = 1, 2, and (17) is equivalent to e imν j (T ) = e iν , j = 1, 2. This means that (ν 2 (T ) − ν 1 (T ))/2π must be a rational number. Using (18) this implies that
This study leads to the following result.
Corollary 5 Given θ ∈ Γ and any C-minimal Legendrian immersions ψ i :
induce a one parameter family of H-minimal Lagrangian immersions
In particular, Φ θ is minimal if and only if ψ i , i = 1, 2, are minimal.
H-minimal Lagrangian cones in complex Euclidean space
Let Ω 0 = dz 1 ∧ · · · ∧ dz n+1 be the complex volume (n+1)-form on C n+1 . It is well-known that ℜ(e iθ Ω 0 ), θ ∈ [0, 2π), is the family of special Lagrangian calibrations in C n+1 (see [HL] ) and that their calibrated submanifolds, the well known special Lagrangian submanifolds of C n+1 , are not only minimal submanifolds but also minimizers in their homology class.
If ψ : N n+1 → C n+1 is a Lagrangian immersion of an oriented manifold N and { e 0 , e 1 , . . . , e n } is an oriented orthonormal basis in T N, then the matrix {ψ * ( e 0 ), ψ * ( e 1 ), . . . , ψ * ( e n )} is an unitary matrix and so the following map is well defined:
β is known as the Lagrangian angle map of ψ and verifies J ∇ β = (n + 1) H, where H is the mean curvature of ψ. Then ψ is a special Lagrangian immersion (with phase θ) if and only if β(p) = θ, ∀p ∈ N; moreover, ψ is a Hamiltonian minimal Lagrangian immersion if and only if β is a harmonic function. Given a Legendrian immersion φ : M n → S 2n+1 , the cone with link φ in C n+1 is the map given by
It is clear that C(φ) is a Lagrangian immersion, i.e. C(φ) * ω ≡ 0, with singularities at s = 0. We consider in what follows s = 0. The induced metric in
where , is the induced metric on M by φ. So, if {e 1 , . . . , e n } is an oriented orthonormal basis in T M, then { e 0 = (1, 0), e 1 = (0, e 1 s ), . . . , e n = (0, en s )} is an oriented orthonormal frame on T (R * × M). Thus:
As a consequence, we deduce the following result.
cone with link φ. Then φ is C-minimal if and only if C(φ) is H-minimal.
In particular, φ is minimal if and only if C(φ) is minimal; this result was used in [H1] and [H2] .
Thanks to Proposition 3 we have a fruitful simple method of construction of examples of H-minimal Lagrangian cones in C n+1 using the C-mininal Legendrian immersions described in section 3. As an application of it, we finish this section with the following illustrative result.
is a H-minimal Lagrangian cone. In particular, if ψ i , i = 1, 2, are minimal Legendrian immersions and γ is a solution of (19) with µ = 0 (see Lemma 2), the corresponding cone
A more explicit family of H-minimal Lagrangian cones is described when we consider the one parameter family of C-minimal Legendrian immersions coming from Corollary 2. Concretely, for any δ ∈ (0, π/2) (denoting c δ = cos δ, s δ = sin δ),
is a H-minimal Lagrangian cone. In particular, if ψ i , i = 1, 2, are minimal Legendrian immersions and tan 2 δ 0 = (n 2 + 1)/(n 1 + 1), then ψ δ 0 is a special Lagrangian cone.
The complex hyperbolic case
In this section we summerize the analogous results when the ambient space is the complex hyperbolic space and we omit the proofs of them.
Let C n+1 1 be the complex Euclidean space C n+1 endowed with the indefinite metric , = ℜ (, ), where
for z, w ∈ C n+1 , wherez stands for the conjugate of z. The Liouville 1-form is given by Λ z (v) = v, Jz , ∀z ∈ C n+1 , ∀v ∈ T z C n+1 , and the Kaehler 2-form is ω = dΛ/2. We denote by H given by
and by Π :
on the complex hyperbolic space CH n . We also denote the metric, the complex structure and the Kähler two-form in CH n by , , J and ω respectively. This metric has constant holomorphic sectional curvature -4. We will also note by Λ the restriction to H . An immersion φ :
, i.e. φ * ω ≡ 0 and, in particular, the normal bundle T ⊥ M = J(T M) ⊕ span {Jφ}. This means that φ is horizontal with respect to the Hopf fibration Π : H 2n+1 1 → CH n and, hence Φ = Π • φ : M n → CH n is a Lagrangian immersion and the induced metrics on M n by φ and Φ are the same. It is easy to check that Jφ is a totally geodesic normal vector field and so the second fundamental forms of φ and Φ are related by given by
is a Legendrian immersion of a manifold M, then φ * Ω is a complex n-form on M.
where α H is the one-form on M defined by α H (v) = i n H, Jv and H is the mean curvature vector of φ. Consequently, if φ is minimal then M is orientable.
Suppose that our Legendrian submanifold M is oriented. Then we can consider the well defined map given by
where {e 1 , . . . , e n } is an oriented orthonormal frame in T p M. We will call β the Legendrian angle map of φ. As a consequence of (20) we obtain
and so we deduce the following result.
Proposition 4 On the other hand, a vector field
), where L is the Lie derivative in H ) such that
where ∇F is the gradient of F . The diffeomorphisms of the flux {ϕ t } of X transform Legendrian submanifolds in Legendrian ones. In this setting, it is natural to study the following variational problem. Let φ : M n → H φ t = ξ f , the first variation of the volume functional is given by
These critical points will be called contact minimal (or briefly C-minimal) 
φ is C-minimal if and only if
The identity component of the indefinite special orthogonal group will be denoted by
⊂ C n+1 , n = n 1 + n 2 + 1, as a subgroup of isometries in the following way:
In the following we state (without proofs) the main results of section 3 adapted to this context.
whose induced metric is
where β α denotes the Legendre angle of α and β ψ i the Legendrian angle map of
is invariant under the action (22) of SO(n 1 + 1) × SO 1 0 (n 2 + 1), with n = n 1 + n 2 + 1 and n 1 , n 2 ≥ 2, if and only if φ is locally congruent to one of the above Legendrian immersions when ψ 1 is the totally geodesic Legendrian embedding of S n 1 in S 2n 1 +1 and ψ 2 is the totally geodesic Legendrian embedding of
, where
n 2 +1 = −1, y n 2 +1 > 0} is the n 2 -dimensional real hyperbolic space; that is, φ is locally given by φ(s, x, y) = (α 1 (s)x, α 2 (s)y), x ∈ S n 1 , y ∈ RH n 2 , for a certain Legendre curve α in H 3 1 .
Remark 3 If n 2 = 0 (resp. n 1 = 0) in the above Theorem, projecting by the Hopf fibration Π : H 2n+1 1 → CH n , we obtain the Examples 2 (resp. the Examples 3) given in [CMU1] .
2 be a Legendre curve. Then the Legendrian immersion described in Theorem 2 given by (α If we consider the particular cases n 2 = 0 ⇔ n 1 = n − 1 and n 1 = 0 ⇔ n 2 = n − 1 in the minimal case of Corollary 7, we recover (projecting via the Hopf fibration Π) the minimal Lagrangian submanifolds of CH n described in [CMU2, Propositions 3 and 5], although we used there an unit speed parametrization for α.
From these two last results we can get similar examples to the ones given in Section 4 in the projective case. Concretely, it is easy to check that for any ρ > 0 the Legendre curve α ρ (t) = (sh ρ exp(i sh n 1 −1 ρ ch n 2 +1 ρ t), ch ρ exp(i sh
satisfies ( Hence an analogous reasoning like in Corollary 3 let us to obtain the following explicit family of examples.
Corollary 8 Let ψ 1 : N 1 −→ S 2n 1 +1 ⊂ C n 1 +1 and ψ 2 : N 2 −→ H 2n 2 +1 1 ⊂ C n 2 +1 be C-minimal Legendrian immersions of n i -dimensional Riemannian manifolds N i , i = 1, 2, and ρ > 0. Then Φ ρ : S 1 × N 1 × N 2 −→ CH n , n = n 1 + n 2 + 1, Φ ρ (e is , p, q) = [(sinh ρ exp(is cosh 2 ρ) ψ 1 (p) , cosh ρ exp(is sinh 2 ρ) ψ 2 (q))]
is a H-minimal Lagrangian immersion.
A particular case of Corollary 8 gives a one parameter family of H-minimal Lagrangian embeddings. 
), provides a H-minimal Lagrangian embedding
Z 2 −→ CH n , n = n 1 + n 2 + 1 (e is , x, y) −→ [(sinh ρ exp(is cosh 2 ρ) x , cosh ρ exp(is sinh 2 ρ) y)]
of the quotient of S 1 × S n 1 × RH n 2 by the action of the group Z 2 where the generator h of Z 2 acts on S 1 × S n 1 × RH n 2 in the following way h(e is , x, y) = (−e is , −x, y).
We finally pay now our attention to the equation (25) with µ = 0. We observe that it is exactly equation (3) in [CU2, Lemma 2] (in the notation of that paper, put p = n 1 and q = n 2 ). If we choose the initial conditions α(0) = (sinh ̺, cosh ̺), ̺ > 0, we can make use of the study made in [CU2] . 
satisfying the real initial conditions α ̺ (0) = (sinh ̺, cosh ̺), ̺ > 0. Then:
2. For j = 1, 2,ᾱ j (t) = α j (−t), ∀t ∈ I.
3. The curves α j , j = 1, 2, are embedded and can be parameterized by α j (s) = ρ j (s)e iθ j (s) , where
where ch ̺ = cosh ̺, sh ̺ = sinh ̺.
In this way, the immersions φ ̺ , ̺ > 0, constructed with the curves α ̺ of Lemma 4 induce a one parameter family of H-minimal Lagrangian immersions Φ ̺ : R × N 1 × N 2 → CH n , n = n 1 + n 2 + 1, ̺ > 0.
In particular, Φ ̺ is minimal if and only if ψ i , i = 1, 2, are minimal. We conclude with the following particular case that leads to a one parameter family of minimal Lagrangian embeddings.
Corollary 10 Let ̺ > 0 and denote ch ̺ = cosh ̺, sh ̺ = sinh ̺. Then R × S n 1 × RH n 2 −→ CH n , n = n 1 + n 2 + 1, 
